A general computer program has been written to compute rotation-contortion energy levels, using the semirigidbender structure-relaxation Hamiltonian, for any molecule having one large amplitude (contortional) degree of freedom. In an application it is necessary to input the contortional potential energy function and the expressions for the molecule fixed xyz coordinates of the nuclei as functions of the contortional coordinate. The contortional coordinate can be of any type, such as an internal rotation, an inversion, or a bend, but the boundary conditions in the numerical integration part of the program must be chosen appropriately; these boundary conditions are in a separate subroutine. The code is applied to the model of a tilted and precessing internally rotating CH 
I. INTRODUCTION
axis of the CH / 3 group precesses at three times the rate of the internal rotation of the CH / 3 group and so that there is In a study of p-toluidene, Tan and Pratt (1) developed a constant angle of tilt. We compare the exact rotationan approximate rotation-torsion Hamiltonian for a methyl torsion energies obtained with those obtained using the internal rotor attached to a C 2£ frame. This Hamiltonian de-Hamiltonian of Ref. (1) and find that the error in the latter scribes the methyl internal rotor as rigidly rotating about a is significant for large values of the tilt angle. tilted and precessing internal rotation axis, where the axis of internal rotation precesses at three times the rate of the
II. THE CALCULATION OF ROTATION-CONTORTION
internal rotation. This nicely models the form of some extra ENERGIES symmetry allowed terms that were introduced by Sørensen We consider a molecule with one low-frequency large (2) in the rotation-torsion Hamiltonian of nitromethane.
amplitude internal contortion mode t, and we adiabatically Recently Sørensen (3) considered the problem further, using separate it from the other ''fast'' vibrational degrees of freeperturbation theory to allow for full structural relaxation in dom. The electronic and ''fast'' vibrations contribute tothese terms. In Refs. (4, 5) the rotation-torsion energy levgether to provide the effective contortional potential function els involving the torsion of the CH / 3 group in the CH / 5 V (t). The four-dimensional Hamiltonian for rotation and t molecular ion were calculated using the Hamiltonian of Ref.
motion can be written as (8) (1). In these calculations the angle of tilt for the CH / 3 group was taken from ab initio results (6) , and at 14Њ it is much
larger than that envisaged by Tan and Pratt when they developed their model. It is thus necessary to test the applicability where of the model when the tilt angle is large.
In the present paper we first discuss the general rotation- 
In Eqs. [2] to [4] Ĵ x , Ĵ y , and Ĵ z are the components of the on the program), although the level of convergence achieved with a given size of basis set will change. total angular momentum operator along molecule fixed axes, Ĵ t Å 0iបÌ/Ìt is the torsional angular momentum operator, m is the determinant of the 4 1 
and [8] which is the same as Eq.
[39] in Ref. (8) . Each element of I , and hence of m , can be nonzero and t-dependent. The computation of the rotation -contortion energies involves three stages: ( 1 ) setting
PЉ(t) Å G(t, E)P(t),
[10] up I and V ( t ) , ( 2 ) calculating the eigenvalues and numerical eigenfunctions of Ĥ t , and ( 3 ) diagonalizing the full where PЉ(t) is the second derivative with respect to t of Hamiltonian Ĥ . the function P(t), E is an eigenvalue, and G(t, E) is a function of t and of E. We use the recursion formula II. 1 
. The Elements of the Matrix I
The elements of the matrix I are molecule specific and [11] are calculated from the expressions for the a ia and a ia using Eqs. [5] to [8] . Thus the initial step is to define how the where
is shorthand for the molecule fixed xyz axes are attached to the molecule and to ith value of the coordinate t, and Dt is the grid size. The determine the expressions for the a ia . Once the elements of energy correction DE for the iterating (initially guessed) the 4 1 4 matrix I are set up and the potential function energy eigenvalue E is given by provided, the rest of the calculation can proceed. It is best to use analytical expressions for the Cartesian derivatives a ia needed in the calculation of some of the elements of
, [12] in order to maintain precision; this is because numerical differentiation of the elements of m Å I 01 is performed later. Due to the ''brute-force'' way we diagonalize the Hamiltonian the motivation for the choice of the axis system can where m is the grid point label of the meeting point of the be different from the customary one of trying to eliminate forward and backward integrations and n is the number of off-diagonal elements of I. Rather than having to choose evenly spaced points chosen along the coordinate t. If we from among the PAM, IAM, or Hougen's RAM systems (9, put 10) to simplify the I matrix, and subsequent Hamiltonian expression, one is free to choose the axes for other reasons,
[13] such as ease in obtaining functions for the Cartesian coordinates of the atoms. For a molecule with an internal rotor attached to a ''frame'' the axes can be tied to the frame or where c(t) is the normalized eigenfunction of Ĥ t , g(t) Å (1/2)ប 2 m tt , and N is a constant, then P(t) satisfies Eq. to the internal rotor, or to any intermediate position. The same energies will be obtained (and this provides a check [10], the generalized Numerov-Cooley problem, with
where where rotational degrees of freedom. Since the Szalay-Lane funcFor an internally rotating molecule the resulting energy tions are expressed as linear combinations of symmetric top levels will correspond to J Å 0 levels regardless of how the eigenfunctions, we need expressions for matrix elements of Cartesian axes are fixed to the molecule, as long as the Ĵ x , Ĵ y , and Ĵ z in the symmetric top basis. These can be molecule undergoes one complete internal rotation as t adderived from the matrix elements in Table 8 that these are components of the total angular momentum along molecule-fixed axes.
II.3. Diagonalizing the Rotation-Contortion
Hamiltonian Ĥ
III. APPLICATION TO CH / 5
Having obtained the contortion wavefunctions c(t) in numerical form, we multiply them by a complete set of We apply the Hamiltonian and computer program to the appropriate linear combinations of symmetric top rotational calculation of the rotation-torsion energy levels of the basis functions ÉJ, k, 0… (we need only consider the M J Å CH / 5 molecular ion modeling it as having a tilted and pre-0 functions for calculations in free space; see Eq. (8-111) cessing (and rigidly C 3£ ) CH / 3 internal rotor. As in Ref. (1) of Ref. (13)) to form a basis set for diagonalizing the full we model the precession of the C 3 axis of the CH / 3 group rotation-contortion Hamiltonian. We use the following lin-as taking place at three times the speed of the internal rotaear combinations of symmetric top functions (with K Å tion. To implement the program we must first define the ÉkÉ), as devised by Szalay and Lane (12) , in order that all molecule-fixed axes and then determine the expressions for matrix elements be real.
the Cartesian coordinates of the nuclei. We must also define the torsional potential energy function, and we use a simple cosine function with a barrier of 30 cm 01 (4, 5) in all the ÉJ, 0… Å ÉJ, 0, 0…,
[18] calculations presented here.
The frame protons are labeled 1 and 2, and the top protons are labeled 3, 4, and 5 in a clockwise sense when and viewed from the frame ( see Fig. 1 ) . The center of mass
[20] of the H 2 frame is labeled f , the center of mass of the CH / 3 top is labeled t , and the center of mass of the entire molecule is labeled 0. We define the molecule fixed xyz where K Å 1, 2, . . . , J. If we let Ép… represent the pth product of numerical contortion function Ém p … with Szalay-axes to have origin at 0 and to be tied to the frame; the z axis points from t to f , the y axis is in the plane of the Lane basis function ÉJ p K p …, and let Éq… represent the qth product, then the (pq)th matrix element of the Hamiltonian frame with H 1 having positive y value, and the x axis is such that the axes are right handed. The tilt angle u is the can be written as angle between the t r C axis and the t r f axis. We tie right handed x y z axes to the CH / 3 top with z being the t r C axis and y being in the H 3 Ct plane with H 3 having a positive y coordinate. The orientation of the x y z axes relative to the xyz axes is given by the Euler angles u ( the angle of tilt ) , f, and x. When u Å 0 the torsional angle t is the angle measured in a right handed sense about the z Å z axis from the yz plane to the y z plane, and t Å f / x. For u x 0 the appropriately precessing internal rotation motion is achieved by taking f Å ( 3t 0 p / 2 ) and x Å ( 02t / p / 2 ) which retains t Å f / x. In our the CH / 3 group remains with fixed and equal CH bond Hamiltonian u is fixed and t is the dynamical variable.
lengths and HCH bond angles, and the C 3 axis precesses Using the direction cosine matrix with these expressions around the z axis at three times the rate of internal rotation for the Euler angles f and x in terms of t we obtain the and tilted at a constant angle u from the z axis. The expresanalytic expressions for the nuclear coordinates to be as sions for the coordinates of the nuclei in the top could be given in Table 1 . The expressions given in Table 1 involve used for any molecule having a tilted and precessing CH 3 the following t-independent geometrical factors, rotor attached to a frame.
IV. RESULTS AND DISCUSSION
m zz / 2, m yy / 2, m xx / 2, and m zt , respectively. In the Tan and Pratt Hamiltonian ( 1 ) these coefficients are called
[25] B , C , and 02 A F cos u respectively, and the parameters F ,
A F , B , and C are taken to be independent of u and t. Table  2 shows these calculated Hamiltonian coefficients for five q 6 Å r XH sin(a F ) tilt angles, from 0Њ to 13.43Њ ( the latter being the average q 7 Å r XH cos(a F ), ab initio tilt angle for CH / 5 ( 14 ) ) , at the t Å 0Њ ( a minimum in V ) and t Å 30Њ ( a maximum in V ) positions. The data show a dramatic decrease in the magnitudes of where m H and m C are the atomic masses, R is the distance between the centers-of-mass of the top and frame, r CH is m tt , m zz , and m zt as the tilt angle is increased, and the neglect of this dependence is a serious error if the tilt the C -H bond distance in the top, r XH is half the H -H distance in the frame, a T is the angle between the C r H angle is not negligible.
Also worthy of note is the importance of some other bonds of the top and the t r C axis, and a F is the angle between the H 2 r H 1 bond of the frame and the z axis. coupling terms. The choice of principal axes for the molecule-fixed xyz axis system ( i.e., PAM ) does not remove From ab initio calculations ( 14 ) , we take R Å 1.1425 Å , r CH Å 1.0907 Å , r XH Å 0.4807 Å , a T Å 106.16Њ, and a F the Ĵ a Ĵ b terms from the rotation -contortion Hamiltonian, because of contributions from I at elements. There is per-Å 90Њ, from which the q i values quoted in Table 1 are obtained. The expressions given in Table 1 are such that haps a ( t-dependent ) coordinate transformation ( as Tan TABLE 2  TABLE 4 The Coefficients (in cm
The Wavenumbers (in cm 01 ) of the J Å 2 R 1 and 1 R 0 Rotational Transitions with K Å 0 JO 2 x and Ĵ z Ĵ t as Functions of the Tilt Angle u and Torsional Angle t 13.43Њ there are large differences, and the energies of and Pratt ( 1 ) suggest ) other than the PAM that can remove the approximate Hamiltonian are spaced much wider with the Ĵ a Ĵ b terms, although Ĵ a Ĵ t terms will remain.
increasing K i . In the calculation using the Hamiltonian of The calculated energies are given in Table 3 for the Ref. Table 4 for CH / 5 using several different tilt angles computed using our general Hamiltonian. The incorporation of a precessing tilt in the methyl group has the effect of splitting these transitions by 0.01 to 0.02 cm 01 , and of shifting them to higher wavenumber by 0.02 to 0.06 cm 01 . In a following paper ( 14 ) we apply the general rotation -contortion Hamiltonian to the calculation of the rotation -torsion energy levels of CH / 5 using a full ab initio minimum energy path in which all bond lengths and angles are allowed to vary as the molecule internally rotates. The energies obtained are very different from those obtained earlier ( 4, 5 ) , partly because the earlier work uses the approximate rotation -torsion Hamiltonian of Ref.
( 1 ) , which is not appropriate when the tilt angle is large, and partly because the CH / 3 group distorts as it internally rotates.
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